A note on Somosʼ quadratic recurrence constant  by Hirschhorn, Michael D.
Journal of Number Theory 131 (2011) 2061–2063Contents lists available at ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
A note on Somos’ quadratic recurrence constant
Michael D. Hirschhorn
School of Mathematics and Statistics, UNSW, Sydney, NSW, Australia 2052
a r t i c l e i n f o a b s t r a c t
Article history:
Received 16 February 2011
Accepted 18 April 2011
Available online 8 July 2011
Communicated by Robert C. Vaughan
Keywords:
Somos’ quadratic recurrence constant
We show how to calculate Somos’ quadratic recurrence constant to
a high degree of accuracy, and give its value to 300 decimal places.
© 2011 Published by Elsevier Inc.
1. Introduction
Somos’ quadratic recurrence constant, σ , is deﬁned by
σ =
∞∏
k=1
k
1
2k .
We show how to calculate σ to a high degree of accuracy, and give the value of σ to 300 decimal
places.
First, we observe that we can write, for any n 1,
σ =
n∏
k=1
k
1
2k
( 2
n
2n−1 ) ·
∞∏
k=1
(
n + k
k
) 1
2k(2n−1)
.
(The case n = 1 was given by Mortici [1].)
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1
2k
(
2n
2n − 1
)
− 1
2k(2n − 1) =
1
2k
,
while if k > n, the integer k occurs to the power
1
2k−n
(
2n − 1) − 12k(2n − 1) = 12k .
Now, the term
t =
∞∏
k=1
(
n + k
k
) 1
2k(2n−1)
satisﬁes
1 < t < exp
{
n log2
2n − 1
}
.
For, if we write
(
n + k
k
) 1
2k(2n−1) = 1+ ,
then
n + k
k
= (1+ )2k(2n−1) > 1+ 2k(2n − 1),
 <
n
k2k(2n − 1) ,(
n + k
k
) 1
2k(2n−1)
< 1+ n
k2k(2n − 1) < exp
{
n
k2k(2n − 1)
}
and
1 < t =
∞∏
k=1
(
n + k
k
) 1
2k(2n−1)
< exp
{
n
2n − 1
∞∑
k=1
1
k2k
}
= exp
{
n
2n − 1 log2
}
.
So we have
n∏
k=1
k
1
2k
( 2
n
2n−1 ) < σ <
n∏
k=1
k
1
2k
( 2
n
2n−1 ) · exp
{
n log2
2n − 1
}
.
If we take n = 1010,
1 < exp
{
n log2
2n − 1
}
< 1+ 10−300,
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σ ≈ 1.661687949633594121295818922749950749964418635025068208189711168025
60902982638372790836917641146116715528134550991181599795276828171736
81237746314283837161114922460888406000494066194387157319218082708511
26934531982646438738251479392838385392994171047616165952348121416859
978431414914991208433654012361
correct to 300 decimal places.
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